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Abstract: A novel method for performing Bayesian updates was developed for applications in Probabilistic
Safety Assessment (PSA) at Leibstadt NPP (KKL). The approach is based on the conversion of generic
industry priors into conjugate distributions, yielding simple formulas for posterior distribution parameters.
While this general idea is established in PSA guidelines (see NUREG/CR-6823 and EPRI TR-1002936),
the new approach is based on minimizing cross-entropy between the generic and approximating prior,
rather than matching mean and variance (moment matching).

According to the Swiss PSA regulation ENSI-A05, KKL is required to perform Bayesian updates of
component failure rates and frequencies of certain initiating events (e.g., internal fires and flooding),
combining generic industry data with plant-specific evidence. Most generic data sources used in KKL
PSA employ lognormal distributions, which are not conjugate to the Poisson likelihood. Thus, a numerical
integration routine for Bayesian updates had previously been developed. The new approach retains
the simplicity of moment matching and can easily be implemented in a spreadsheet. It simplifies code
maintenance, avoids numerical issues and is more transparent. Unlike moment matching, the resulting
posteriors closely resemble those obtained through numerical integration.

To evaluate the new approach, Bayesian updated component failure rates in the KKL. PSA model were
replaced by those derived from the new method. Results show no significant risk impact: mean component
failure rates decreased by an average of 2.5 percent and total core damage frequency increased by 3.7
percent. Posterior credible intervals tend to be wider. The largest deviations from the numerical posteriors
occur at low percentiles, but are considerably smaller than with moment matching. A complementary study
on synthetic data - covering realistic prior-evidence combinations for KKL PSA applications - confirmed
these results.

The use of Gamma distributions also resolves a mathematical issue when generic priors are split into
multiple distributions (e.g., to match component boundaries in the PSA model). This also addresses an

issue raised during the 2014 IAEA IPSART mission at KKL.

Based on properties of Beta and Gamma distributions, the method can be extended to a variety of prior
distribution types as well as probability parameters (Binomial likelihood).

The new method will serve as a basis for the next Bayesian updates of KKL component failure rates and
is intended to be used for all future Bayesian updates in KKL PSA.
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1. INTRODUCTION

According to the national PSA regulation ENSI-A05 [1], nuclear power plants in Switzerland are required
to perform Bayesian updates of component reliability data, frequencies of internal initiating events, as
well as internal fire and flooding frequencies.

In many cases, Bayesian updating is conducted numerically, since most generic probability distributions
used in KKL PSA are not conjugate to the relevant likelihood functions. Improving on some shortcomings
of the techniques used before, a method for numerical integration was developed previously at KKL [2],
together with an implementation in the programming language Ruby.

However, there are still drawbacks to numerical methods. Calculations can occasionally fail and may
require a significant amount of time to terminate. Maintaining the necessary scripts requires time and
programming skills. Moreover, numerical algorithms are essentially “black boxes” to the user. Originally
motivated by an overhaul of the KKL component reliability database and the necessary scripts to automate
the corresponding report, this prompted an exploration of alternatives to streamline the Bayesian updating
process.

To simplify Bayesian updating workflows, conjugate priors offer a practical alternative. In cases where
generic industry priors are non-conjugate, a well-known approach is to convert them into conjugate types
by matching mean and variance [3, 4, 5]. However, this method is known to produce priors that differ
greatly from generic industry data. Accordingly, the resulting updated (posterior) distributions can deviate
significantly from the numerically calculated posteriors [3, section 6.2.2.7].

KKL has thus developed a new approach based on approximate minimization of cross-entropy and
Kullback-Leibler divergence. Section 2 introduces the new approach to Bayesian updating with a discus-
sion of its properties, including comparisons to moment matching and the numerical method currently
implemented at KKL. Application in KKL PSA is discussed in Section 3, and concluding remarks are
given in Section 4. Detailed mathematical derivations are found in the Appendix.

2. METHODOLOGY

2.1. Bayesian Updating

In PSA, generic industry data and plant-specific experience are commonly combined using Bayes’ theorem.
Let 6 be a continuous random variable, directly representing a probability, failure rate, or other frequency.
£(0) is then the probability density assigned to 6 before observing any plant-specific data (prior density).
The evidence of interest for PSA applications is mostly of the form “k events in T units of time” or “k
events in N trials”, where only £ is interpreted as a realization of a random variable K. These observed
data are commonly modeled with the Poisson and Binomial distribution, respectively. The probability
density of 6 after observing plant data (i.e., the posterior density) is then given by
L(0;k) - f(0)

FO 1K =H) = = (M

where L(6; k) denotes the likelihood function. This is the probability of observing exactly k events within
a certain time or number of trials, but interpreted as function of 6 with £ fixed.

In general, the posterior f(6 | K = k) cannot be written in closed form and must be computed numerically
instead. For PSA applications, there are two important exceptions: Combining a Poisson likelihood with
a Gamma prior, and a Binomial likelihood (with fixed number of trials N) with a Beta prior. These are
called conjugate models, since the posterior distribution is of the same type as the prior.
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Specifically, a Gamma(a, 8) prior (shape-rate parametrization) combined with Poisson likelihood (&
events within 7' time units) yields a Gamma(a + k, 8 + T') posterior. Pairing a Beta(p, &) prior with
a binomial likelihood yields a Beta(g + k, £ + N — k) posterior distribution. Thus, using only these
combinations for Bayesian updating does not require numerical methods.

However, generic industry data are often given in the form of non-conjugate distributions, most commonly
of the lognormal type. A method to circumvent numerical techniques is to approximate a non-conjugate
generic distribution with a conjugate one. A simple and well-known approach to do so is by equating their
mean and variance (“moment matching”, see [3, 4, 5]). However, this approximation technique can be
highly inaccurate, leading to posterior distributions that differ significantly from those calculated with the
non-conjugate prior. For an example, see [3, section 6.2.2.7].

This prompted the development of a new method based on the same idea of fitting conjugate priors
to non-conjugate generic distributions. The goal is to retain the simplicity of moment matching while
obtaining posteriors that are more closely aligned with the results from numerical Bayesian updates.

2.2. Prior Conversion by approximate Cross-Entropy Minimization

An alternative technique to matching mean and variance of probability distributions is to minimize a form
of “distance” between them. Instead of matching only “summaries”, the complete distributions are taken
into account to determine the optimal approximation. A widely adopted measure of such a “distance”
with strong foundations in information theory and probability is the Kullback-Leibler divergence [6],
which is used in different fields such as Machine Learning [7] and statistical model selection [8]. Related
information-theoretic concepts can also be used to construct prior distributions [3]. The conversion of
Lognormal distributions into Gamma by minimizing cross-entropy has also successfully been applied in
other engineering fields, see [9] for an application in wireless communications.

Let f denote the original (generic) and g the desired conjugate prior distribution. Let f and g be continuous
distributions and suppose there is no range to which g assigns zero probability, while f assigns non-zero
probabilities (i.e., the support of f is a subset of , the support of g). The Kullback-Leibler divergence

(KLD) is then
Dir(fllg) = / 16) Z”(%) i
; @)
:/f(9) 'l”(f(g))de—/f(a)‘ln(g(G))dG
Q Q

In the second expression, the first term is the negative of the entropy [10] of the generic distribution
while the second integral is called the cross-entropy. Since the generic distribution parameters are fixed
values, the entropy is a constant and can thus be ignored in the optimization. Hence, minimization of
Kullback-Leibler divergence is equivalent to minimization of cross-entropy for this application.

Note that Kullback-Leibler divergence and cross-entropy are not symmetric and are thus not distances in
the usual sense (i.e., Dy (f || 9) # Dxr(g || f))- Importantly, Dy, (f | g) is infinite (or undefined) when
the approximating distribution g is of the Beta type while f is a Gamma or lognormal distribution. In such
cases, a workaround based on similarities between Beta and Gamma distributions can be used. Figure 1
shows the well-known result that Beta(p, &) distributions quickly approach Gamma(g, o + &) distributions
with growing ¢ and o fixed.
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Figure 1: Convergence of Beta to Gamma distribution
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Thus, if f assigns positive densities to values > 1, the first step is to find an approximating Gamma distri-
bution, which can then be transformed into a Beta by letting o = o without much additional information

loss (provided the rate parameter 3 is not too small).

The focus is thus to find the parameters of a Gamma distribution which minimize the cross-entropy, solving

the optimization problem

max /0 f(0)in(g,, 5(0)) O 3)

such that Mean .. = 3

where f can be of different generic distribution types, provided it is continuous and has no support on the
interval (—oo,0). As demonstrated in the Appendix, the uniquely optimal shape parameter « is found by

“4)

solving
In(a) — g () = In(E4(6)) — E(In(6))

before calculating 8 = a/[E () to retain the generic mean.

The notation in Equation 4 is:

— 1y(a): digamma function, i.e., the first derivative of the log-transformed Gamma function [11]

— [E4(0): mean of the generic distribution
— E4(In(0)): mean of in(#), according to the generic distribution (i.e., fooo In(0) - £(6)dh)

Note that solving Equation 4 is asymptotically equivalent to maximum likelihood estimation [7, 8];
estimating Gamma parameters by maximum likelihood consists of solving

In(a) — () = zn(; i:;) _ % il In(z,) (5)

i=1

before finding 8 = «/z to match the empirical mean z. The z; are independent realizations of a random
variable with distribution f. When simulating a large number of samples n from a suitable generic
distribution, it can thus be observed that Equation 5 converges to Equation 4 with growing n, due to the
law of large numbers. This effect can also be seen from the simulation study conducted in [9].
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The exact solution to Equation 4 can only be found numerically (e.g., with bisection). However, there
exist simple expressions for the bounds of the digamma function which can be used to derive sufficiently
accurate approximations for PSA applications. As is shown in the Appendix, the shape parameter « of the
approximating Gamma prior is bounded by

1 1
2[in(E;(0) — E(m(@)] ~ “ = (E0)) — E,(n(0))

The upper bound can be sharpened with more complicated expressions, but the lower bound appears
to be sufficiently close for typical PSA use cases. Consider the approximation of a generic lognormal
distribution (by far the most frequent case in KKLPSA), where the bounds are

(6)

1 2
or, in another common parametrization with the error factor EF, defined as the ratio between 95th

percentile and median,
2.71 5.41
m2(EF) ~ ¢ " n2(EF) ®
Figure 2 shows the numerical solution to Equation 4 together with the simple polynomial bounds from
Equation 8 as function of the error factor from the generic lognormal distribution. Particularly for smaller
values of EF, the lower bound of Equation 8 appears to be a sufficiently accurate approximation to the

optimum:

Figure 2: Approximating prior shape parameter as function of generic error factor
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It also becomes clear that the approximating « obtained by matching mean and variance is far away from
the information-theoretic optimum.

Refinements based on the polynomial bounds may be considered, especially for large error factors. A
simple way to do so is by a function which converges to the lower bound as FF — 1 and converges to
the upper bound as EF — oco. It could also be stipulated that when the cross-entropy between generic
distribution and Gamma is equal between the two bounds, « should be their arithmetic mean, 1.5/02. A
relatively simple function which fulfills these conditions is given by

5.41In(EF) 4+ 11.1
o~

~ n3(EF) + 4.1In*(EF) ©)

To assess the accuracy of Gamma approximations to typical lognormal generic distributions, Figure 3
shows results of different methods for ranges of error factors typically encountered in PSA applications
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(although error factors greater than 30 are very rare in KKL PSA). The generic mean has no influence
on the quality of the approximation and was thus chosen to match the example given in [3, sec. 6.2.2.7].
Therefore, the example with EF = 10 reproduces [3, Fig. 6.18]. The Gamma prior obtained from moment
matching quickly diverges from the generic distribution when the error factor increases, while both
approximate (lower bound) and exact cross-entropy minimization yield distributions which stay close
to the generic lognormal one. For large error factors (greater than 10 or 30), Equation 9 also clearly
outperforms the lower bound from Equation 8. All Gamma approximations have the tendency to assign
higher probabilities to small values, especially when the error factor is large.

Figure 3: Comparison of Gamma approximations to generic Lognormal distributions

EF =25 EF =10 EF =100

1.001

o

~

a
)

0.50 1

0.251

distribution function P(A<A)

3e-04 1e-03 3e-03 1e-05 1e-04 1e-03 1e-02 1e-06 1e-04 1e-02 1e+0(
prior failure rate A [events/year]

Gamma ( Moment Matching) — - Gamma (KLD min., lower bound) — Generic Lognormal
Prior Distribution
Gamma (KLD min., exact) -—- Gamma (KLD min., refined approx.)

To systematically test and compare the currently implemented with the newly developed approach, synthetic
data were generated to conduct Bayesian updates with. These data consist of Lognormal priors with
different means and error factors, as well as combinations of event counts and exposure times. The ranges
were chosen to represent realistic cases for KKL PSA. The number of events k£ was limited to 20, since with
increasing plant-specific experience, the influence of the prior vanishes and the results of different methods
will converge. To exclude extremely unrealistic combinations of priors and plant-specific evidence, the
prior predictive criterion described in [3, section 6.2.3.5] was used to filter out cases with a very high
discrepancy between prior and evidence (using a cutoff probability of 0.001).

The resulting posterior mean ratios between the new (lower bound on «) and the numerical integration
technique are shown in Figure 4.
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Figure 4: Comparison of Posterior Means: Gamma (KLD, Lower Bound) vs Numerical
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In most realistic combinations of generic parameters and plant-specific evidence, the posterior means
deviate by less than 10%. When the generic error factor is large and few plant-specific events have been
observed, the new method tends to deliver more pessimistic results (unless the exposure time is very large).
When there is a large discrepancy between prior mean failure rate and the plant-specific observed failure
rate, the new method tends to be more optimistic. Note however that the evaluated combinations were
filtered very leniently; a common cutoff probability is 0.05, not 0.001 [3]. In common practice, many
regions in which the new method delivers more optimistic posterior mean values would be considered

serious discrepancies between generic data and evidence.

Figure 5 shows the same comparison with Gamma posteriors obtained from moment matching. Larger
deviations between the posterior means are more common when using the moment matching approach,

especially when little plant-specific experience is available.
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Figure 5: Comparison of Posterior Means: Gamma (Moment Matching) vs Numerical
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Finally, the prior conversion for selected non-conjugate combinations of generic distribution types and
likelihoods is summarized in Table 1. When the likelihood is Poisson, the third column gives the lower
bound on the Gamma shape parameter o from Equation 8. For the Binomial likelihood, it shows the
approximate lower bound on the first shape parameter o of the Beta distribution (the unusual notation was
chosen to avoid confusion with the Gamma distribution). The last column provides important notes on the
combination of prior and likelihood. “Support mismatch” means that the generic distribution is defined
over a different range than the parameter to be updated (i.e., (0, co) for a probability). Some combinations
of generic distribution and likelihood imply a mismatch in units (e.g., a Beta prior on the rate parameter
of the Poisson distribution). Still, such combinations can occur in practice. In KKL PSA component
reliability for instance, some generic Beta distributions (failure probabilities on demand) are converted
into failure rates to match the time-based reliability modeling of the plant (counting exposure times instead
of demands). Furthermore, such combinations can be useful for purposes other than Bayesian updating.
For instance, widely used generic Error Probabilities in Human Reliability Analysis assign lognormal
uncertainty distributions [12]. To avoid additional numerical calculations by PSA software to limit the
lognormal to the range (0, 1), the entry for the Lognormal & Binomial case can be used instead to convert
the uncertainty distribution into a proper probability without significantly altering its shape.
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Table 1: Conversion of Common Generic Distributions into Conjugate Priors

Generic Prior Likelihood | (First) Shape Parameter, Lower Bound |Remark

Beta(p,§) Poisson 0 mismatch of support & units
Gamma(a, B) Binomial |« mismatch of support & units
LogNormal(Mean, EF') Poisson 2.71/In*(EF) for large EF, see Equation 9
LogNormal(Mean, EF) Binomial |2.71/in?(EF) mismatch of support & units
LogUniform(a,b), 0 <a<b<1|Binomial |1/(2In(b—a)—2In(in(b/a))— in(a) — In(b)) | mismatch of support
LogUniform(a,b), 0 < a<b Poisson 1/(2in(b — a) — 2in(In(b/a)) — In(a) — in(b)) | mismatch of support

The second parameter of the conjugate prior is then found by matching the generic mean and, if necessary,
multiplying it by a scalar for conversion into the correct units. Bayesian updating is then conducted with
the well-known formulae for conjugate priors.

3. APPLICATION AT KKL

To assess the effects of applying the new method in KKL PSA, a Bayesian update with the whole component
reliability database was performed with both the current and the new method, and mean core damage
frequency was calculated using the most recent version of the fully integrated KKL PSA model to assess
whether introducing the new method has a significant effect on model results.

Posterior mean failure rates calculated with the new approach were, on average, 2.5% lower. The median
ratio between posterior means was equal to 1, so 50% of mean component failure rates increased and
50% decreased. 5% of failure rates decreased by more than 60%, and 5% increased by more than 45%.
The largest relative changes in the posterior distributions were observed at lower quantiles, where the 5th
percentile decreased, on average, by more than half and only 5% increased by more than 2%. The change
in posterior 95th percentiles was less pronounced, with an average increase of 14%.

Mean core damage frequency increased by 3.7% when using component failure rates calculated with the
new method. This is likely because posterior means for the most important components slightly increased.
Overall, replacing the numerical integration method by the new one did not significantly alter the PSA
results. Since the prior distributions and evidence are similar to other Bayesian updates, this is expected to
apply to other KKL PSA use cases as well. The new method is thus intended for use in all future Bayesian
updates to facilitate simplified and robust workflows, accessible to all analysts.

Note that the differences between the posteriors are only partly due to the changes in Bayesian updating
methodology itself, but also due to an additional preprocessing step applied to the generic distributions. In
KKL PSA, component boundaries are often more granular than the boundaries in generic data, such that
multiple KKL PSA components are contained in one generic failure rate. In such cases, generic failure
rates are split between subcomponents using a fixed ratio. While this is trivial for the prior mean, deriving
the corresponding prior parameters is not, since sums of multiple lognormally distributed random variables
do not yield another lognormal distribution. As was also noted by a PSA expert during the 2014 IPSART
mission at KKL, such splitting of generic distributions is possible in the Gamma case, assuming the failure
rates of subcomponents ), are independent and have the same rate parameter j3:

A; ~ Gamma(a,, )
= Z;)\Z- ~ Gamma <z_1: oy, ﬂ)

where i = {1, ...,n} is an index for the subcomponents. An exactly split prior is thus obtained by multiplying
the shape parameter « of the total generic failure rate A with the split factor r,. This is an additional

(10)
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advantage of converting other distribution types (most notably lognormal) into Gamma. The largest
deviations between the new and currently implemented Bayesian updating techniques occurred in cases
where generic failure rates were split, so especially the changes in posterior quantiles may be less extreme
when factoring out the effect of preprocessing many generic distributions.

4. CONCLUSION

A new approach to Bayesian updating for PSA applications has been developed at KKL. The method
consists of converting generic industry priors into conjugate distributions by approximately minimizing
cross-entropy and Kullback-Leibler divergence and leveraging relationships between Beta and Gamma
distributions. It circumvents complex and potentially unstable numerical calculations without significantly
changing the results. Since it produces posterior distributions that more closely resemble those obtained
from numerical calculations, the new approach presents an improvement over the similar and well-
known method of matching mean and variance to obtain conjugate priors. This is demonstrated through
applications to both real plant reliability data and synthetic data covering realistic ranges for KKL
PSA applications. Due to the simplified workflow, transparency, and independence from any specific
programming language, the methodology is already employed for component reliability data and ad-hoc
analyses, and will likely be used for all future Bayesian updates in KKL PSA, subject to regulatory
acceptance.
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APPENDIX: MATHEMATICAL DERIVATION
Prerequisites
The following functions are referenced in the derivations that follow:

Hurwitz Zeta Function [13, eq. 1.10.1 and 1.10.7]:

= 1
=L

) (11)
1 a'~* * sin(stan™(t/a))
= 12 Vs>1
2a° - s—1 * / (a2 + t2)5/2(exp(mw2t) — 1)dt A
Polygamma function [11, eq. 6.4.1, 6.3.21 and 6.4.10]:
d" P n(T(z
wn(z):% ,ne{0,1,2,...}

l”(z)—l—Q/oo ! dt forn=0
bn(2) = 2z ")y (224 22)[exp(2- wt) —1] (12)

(=)™ nl-((n+1,2) forn >0

Deriving Gamma Prior Parameters

Plugging the Gamma log-density
In(9a,(0)) = adn(B) — In(T'(e)) + (a — 1)In(6) — 56
into the objective from Equation 3,

/ " F(0)in(g, 5(6))d6 = (aln(B) — In(T(a)) / " F(0)d0 + (a—1) / " in(0)£(0)d0—p / " 05(0)d6
(13)

Analyzing the integrals on the right-hand side:

1. f(#) must be a probability density on w C (0, 00), so the first integral equals 1.
2. By definition, the second integral is the expected value of the logarithm of the generic distribution,

Eq(In(0)) .
3. The third integral is the mean of the generic prior distribution, [ ,(6).

Thus,

/ " 1 0)in(ge 5(0))d8 = —h(f.g,.,)

(14)
=a-n(f) — In(T(a)) + (a—1)-Ex(in(0)) — 5-E4(0)
Plugging in the constraint from Equation 3 (i.e., 3 = a/E;(0)),
—h(f,94) = - [In(a) = In(E;(0)) = 1] — In(T(a)) + (a—1) - E4(In(0)) (15)
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Since the constraint is now included and « is the only remaining unknown, solving the optimization
problem from Equation 3 is achieved by setting the first derivative of Equation 15 to 0. The first two
derivatives are

{—h(f,gaﬂ — In(a) — () — In(E,(6)) + E(In(0))
y (16)
hra| =% =@

The second derivative is negative for all « > 0, which follows from plugging in the second case of
Equation 12 for ¢, (o) and verifying that the integral term from Equation 11 must be positive:

Pi(a) = ((2,0)
1 1 > sin(2-tan"l(t/«))
[

2 0T (@t ) (eaplrat) — (17)

1
> —, VYa>0
o

This ensures that setting the first derivative to 0 yields an « which minimizes the cross-entropy. Setting
the first derivative to 0 and rearranging yields the objective from Equation 4:

!
In(e) —tho(a) = In(E;(0)) — E4(in(0))
Approximations of « can be derived by considering simple bounds of ¢, (), which are quickly derived
from plugging in the representation for v, given by Equation 12 into the objective:
1 4o / o t

2 (12 +a?)exp(2 - wt) — 1]
The integral term is positive and converges to 0 for growing . Hence, a simple lower bound is 0. To
obtain a simple upper bound of the integral, observe that

t t
&+ o) fexp@nt) —1] = (2 + a®)2nt

> t 1 [ 1
= 2 dt < — ——dt
/0 (t? + o?)[exp(2nt) — 1] <7 /0 12 4 o?

:1[1tan1@/a)]m

dt = In(E(6)) — E(In(6)) (18)

L VE>0

|« 0
1
2
Thus, bounds for the shape parameter « are obtained as
1 1
20 < In(E,(0)) — E;(In(h)) < - (19)

from which Equation 6 follows. Tighter bounds can be found, but these will involve more complicated
expressions and/or transcendental equations (which again require numerical solutions).

When the generic distribution is of the Beta type, the derivation can be simplified given that £ is usually large
and p relatively small. In this way, the density is mainly concentrated over the small event probabilities,
as is the typical case in PSA. Plugging the mean of the generic Beta distribution and mean of In(6) (given

by ©,(0) — ¥y (0 + £)) into Equation 4 yields

In(a) —wy(a) = In(o) = In(g + &) + dyle+ &) — ty(0) (20)
It then follows from Equation 12 that In(o + &) ~ ¥, (0 + &). Hence,
In(e) — by (a)~In(e) — vy (e) 21

which leads to o =~ .
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